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1747, d’ Alembert and Euler: Separation of Variables
1807, Fourier: Transforms
1814, Cauchy: Analyticity
1828, Green: Green’s Representations

1845, Kelvin: Images

Fourier (spectral) Space

Transforms

Physical Space

Green’s Integral Representations

Method of Images

New Method

Integral Representations in the Fourier Spece

Invariance of Global Relation and Jordan’s Lemma
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Linear Evolution PDEs on the Half-Line
Classical methods

The heat equation

ut = uxx , 0 < x <∞, 0 < t < T , T > 0,

Initial condition:

u(x , 0) = u0(x), 0 < x <∞,

Boundary condition:

u(0, t) = g0(t), 0 < t < T .

Classical Sine Transform method:

PDE[u(x , t)]
ST−−−→

Direct
ODE[û(λ, t)]

Solve−−−→ û(λ, t)
ST−−−−→

Inverse
u(x , t)

The classical solution:

u(x , t) =
2

π

∫ ∞
0

e−λ
2t sin(λx)

[ ∫ ∞
0

sin(λξ)u0(ξ)dξ−λ
∫ t

0
eλ

2sg0(s)ds
]
dλ.



Disadvantages of the Traditional Transforms

1. Lack of uniform convergence at the boundaries (for
inhomogeneous boundary conditions).

2. Not straightforward to verify that the solution representation
actually solves the given BVP.

3. Not suitable for numerical computations.
4. Requires separability of PDE-domain-BCs. For example,

cannot be applied to∫ ∞
0

K (x , t)u(x , t)dx = g(t).

5. Difficult to obtain appropriate transform.
6. Traditional transforms exist only for a very limited class of

problems.

There are no x-transforms for the diffusion-convection equation

ut = uxx + ux ,

or the Stokes (written by Sir George Stokes)

ut + ux + uxxx = 0.



Summary of Fokas Method

“Green + Fourier + Cauchy”

Three ingredients:

1. Global Relation - equation coupling transforms of boundary
values.

2. Integral representation - solution given as integral of
transforms of boundary values. (“Green + Fourier”).

3. Symmetries which leave transforms of the boundary values
invariant. Use information given by 1 to either find unknown
boundary values or their contributions to 2.

In all but the simplest cases need to consider transforms of
boundary values as functions in C (“Cauchy”).



The heat equation via the Fokas Method

The heat equation can be written as a family of divergence forms:(
e−iλx+λ2tu

)
t
−
(
e−iλx+λ2t(ux + iλu)

)
x

= 0, λ ∈ C.

Green’s Theorem:

∫
∂Ω

e−iλx+λ2t [udx + (ux + iλu)dt] = 0.

For the half line the Global Relation is

eλ
2t û(λ, t) = û0(λ)− g̃1(λ2, t)− iλg̃0(λ2, t), Imλ ≤ 0,

where

û(λ, t) =

∫ ∞
0

e−iλxu(x , t)dx , û0(λ) =

∫ ∞
0

e−iλxu0(x)dx , Imλ ≤ 0,

g̃j(λ, t) =

∫ t

0

eλτgj(τ)dτ, with g1(t) = ux(0, t), g0(t) = u(0, t), t > 0.



First use of the GR:

u(x , t) =
1

2π

∫ ∞
−∞

e iλx−λ
2t û0(λ)dλ+

1

2π

∫ ∞
−∞

e iλx−λ
2t
[
g̃1(λ2, t)− iλg̃0(λ2, t)

]
dλ.

The second integral can be deformed to the curve ∂D+, defined by
Re(λ2) = 0, Imλ > 0.

Second use of the GR:

eλ
2t û(−λ, t) = û0(−λ)− g̃1(λ2, t) + iλg̃0(λ2, t), Imλ ≥ 0.

The solution takes the form

u(x , t) =
1

2π

∫ ∞
−∞

e iλx−λ
2t û0(λ)dλ− 1

2π

∫
∂D+

e iλx−λ
2t
[
û0(−λ) + 2iλg̃0(λ2, t)

]
dλ.

Also, we can replace g̃0 with G0(λ2) =

∫ T

0
eλ

2sg0(s)ds, λ ∈ C.

Consistent with the Ehrenpreis Principle:

u(x , t) =

∫
L
e iλx−λ

2tdρ(λ).



Numerical Implementation

Consider the heat equation with

u0(x) = e−ax , g0(t) = cos(bt), a > 0, b > 0.

Then,

u(x , t) =

∫
L
e iλx−λ

2t

[
1

iλ+ a
+

1

iλ− a
+ iλ

(
1

λ2 + ib
+

1

λ2 − ib

)]
dλ

2π

−
∫
L
e iλx iλ

(
e ibt

λ2 + ib
+

e−ibt

λ2 − ib

)
dλ

2π
.

de Barros, Colbrook and Fokas. A hybrid analytical-numerical method for

solving advection-dispersion problems on a half-line. International Journal

of Heat and Mass Transfer. (2019)



The last term can be evaluated explicitly, via Residue theory:

u(x , t) =

∫
L
e iλx−λ

2tV (λ; a, b)
dλ

2π
+ e
−x
√

b
2 cos

(
bt − x

√
b

2

)
,

with V (λ; a, b) = 1
iλ+a + 1

iλ−a + iλ
(

1
λ2+ib

+ 1
λ2−ib

)
.

Verification: Evaluating the above equation at x = 0 yields

u(0, t) =

∫
L
e−λ

2tV (λ; a, b)
dλ

2π
+ cos (bt) = cos (bt) .

By deforming the contour L to the real line and observing that
V (λ; a, b) is an odd function of λ, the above integral vanishes.
Evaluating the previous equation at t = 0 yields

u(x , 0) =

∫
C
e iλx

(
1

iλ+ a
+

1

iλ− a

)
dλ

2π
.

Then, Cauchy’s theorem yields

u(x , 0) =
2πi

2π
e i(ia)x 1

i
= e−ax .



Solutions of linear second and third order PDES

ut = uxx , x > 0, t > 0

u(x , t) =

∫ ∞
−∞

e iλx−λ
2t û0(λ)

dλ

2π
−
∫
∂D+

e iλx−λ
2t
[
û0(−λ) + 2iλg̃0(λ2, t)

] dλ
2π
.

ut + uxxx = 0, x > 0, t > 0

u(x , t) =

∫ +∞

−∞
e iλx+iλ3t û0(λ)

dλ

2π

+

∫
∂D+

{
e iλx+iλ3t

[
e

2iπ
3 û0

(
e

2iπ
3 λ
)

+ e
4iπ

3 û0

(
e

4iπ
3 λ
)

− 3λ2g̃0(−iλ3, t)
]}dλ

2π
.



Heat Equation - Half Line
Dirichlet Problem

ut = uxx , x ∈ (0,+∞), t ∈ (0,T ),

u(x , 0) = e−x , x ∈ (0,+∞)

u(0, t) = cos t, t ∈ (0,T ).

Fokas & Kaxiras, Modern Mathematical Methods for Scientists and Engineers,

in press



Heat Equation - Half Line
Oblique Robin Problem

ut = uxx , x ∈ (0,+∞), t ∈ (0,T ),

u(x , 0) = xe−4x , x ∈ (0,+∞)

ut(0, t)− 2ux(0, t) + u(0, t) = sin(5t), t ∈ (0,T ).

Solution:

u(x , t) =

∫
L
V (λ, x , t)

dλ

2π
+ v(x , t),

where

V (λ, x , t) = e iλx−λ
2t

 10iλ
λ4+25

+ (λ−i)2

(λ+4i)2

(λ+ i)2
+

1

(4 + iλ)2

 ,

and

v(x , t) = e−
√

5
2 x

(√
10 + 1

)
sin
(

5t −
√

5
2x
)
−
(√

10 + 5
)

cos
(

5t −
√

5
2x
)

(√
10 + 6

)2 .



Heat Equation - Half Line
Oblique Robin Problem

Illustration of the solution:



Heat Equation - Finite Interval
General Dirichlet Problem


ut = uxx , x ∈ (0, L), t ∈ (0,T ),

u(x , 0) = u0(x), x ∈ (0, L)

u(0, t) = g0(t), u(L, t) = h0(t), t ∈ (0,T ).

u(x , t) =

∫ ∞
−∞

e iλx−λ
2t û0(λ)

dλ

2π

−
∫
∂D+

2e−λ
2t

e iλL − e−iλL

{
sin(λx)

[
ie iλLû0(λ)− 2λh̃0

(
λ2t
) ]

+ sin[λ(L− x)]
[
i û0(−λ)− 2λg̃0

(
λ2t
) ]}dλ

2π



Heat Equation - Finite Interval
Specific example on Dirichlet Problem

ut = uxx , x ∈ (0, 1), t ∈ (0,T ),

u(x , 0) = e−x , x ∈ (0, 1)

u(0, t) = cos t, u(1, t) = 1
e cos t, t ∈ (0,T ).



The wave equation

utt − uxx = 0, x > 0, t > 0.

Dirichlet conditions

u(x , 0) = u0(x), ut(x , 0) = u1(x), x > 0,

u(0, t) = g0(t), t > 0.

Solution in the Fourier plane:

u(x , t) =

∫ ∞
−∞

e ikx
[

sin(kt)

k
û1(k) + cos(kt)û0(k)

]
dk

2π

−
∫ ∞
−∞

e ikx
[

sin(kt)

k
û1(−k) + cos(kt)û0(−k) + 2ikǧ0(k , t)

]
dk

2π
,

Solution in the physical plane:

u(x , t) =
1

2
u0(x + t) +

1

2

∫ x+t

|x−t|
u1(ξ)dξ +


1

2
u0(x − t), x > t,

g0(t − x)− 1

2
u0(t − x), x < t.



Laplace equation on a polygon

Let u(x , y) satisfy the Laplace equation in the interior of a convex
polygon characterized by z1, ..., zn. Then uz(z) satisfies

uz(z) =
1

2π

n∑
j=1

∫
lj

e iλz ûj(λ)dλ, uz =
1

2
(ux−iuy ), z = x+iy ,

where ûj(λ) is defined by

ûj(λ) =

∫ zj+1

zj

e−iλz
[
∂u

∂N
+ λu

dz

ds

]
ds, j = 1, ..., n, λ ∈ C.

and the rays {lj}n1 are defined by

lj = ρe iθj , 0 < ρ <∞, θj = −arg(zj+1 − zj), j = 1, ..., n.

Furthemore, the following GR is valid:
n∑

j=1

ûj(λ) = 0, λ ∈ C.



Numerical approach

The numerical solution of the global relation for determining the
unknown boundary values involves the following two steps.

1. Expand the functions {uj}n1 and
{
∂uj
∂w

}u

1
in terms of N basis

functions denoted by {Sl(t)}N−1
0 :

uj ≈
N−1∑
l=0

ajlSl(t),
∂uj(t)

∂ω
≈

N−1∑
l=0

bjlSl(t), j = 1, 2, . . . , n.

Choosing Sl to be the Legendre polynomials, denoted by Pl , the
relevant Fourier transform can be computed explicitly,

P̂l(λ) =

∫ 1

−1
e−iλtPl(t)dt = i

l∑
k=0

(l + k)!

(l − k)!k!

[
(−1)l+ke iλ − e−iλ

(2iλ)k+1

]
.

2. The global relation and its complex conjugate yield two
equations involving the constants ajl and bjl . By evaluating these
equations at appropriately chosen values of λ called collocation
points, we can solve for the unknown coefficients.



The case of the Square
Consider the Laplace equation in the interior of the square with
corners

z1 = −1 + i , z2 = −1− i , z3 = 1− i , z4 = 1 + i .

The approximate global relation yields

û1(λ) + û2(λ) + û3(λ) + û4(λ) = 0, λ ∈ C,

where

û1(λ) ≈ −e iλ
N−1∑
l=0

[
iλal1P̂l(λ) + bl1P̂l(λ)

]
,

û2(λ) ≈ e−λ
N−1∑
l=0

[
λal2P̂l(−iλ) + bl2P̂l(−iλ)

]
,

û3(λ) ≈ e−iλ
N−1∑
l=0

[
iλal3P̂l(λ) + bl3P̂l(λ)

]
,

û4(λ) ≈ eλ
N−1∑
l=0

[
−λal4P̂l(−iλ) + bl4P̂l(−iλ)

]
.



For a given side, choose λ in such a way that for the given side we
obtain the usual Fourier transform of the Legendre functions,
whereas the contribution from the remaining sides vanishes as
λ→∞ (it can be shown that for a convex polygon such a choice
is always possible). In fact we choose to be on the “complement”
of the rays lj .
I side 1. Multiply the approximate global relation by e−iλ and

then let λ = −iρ, ρ > 0.
I side 2. Multiply by eλ and then let λ = −ρ, ρ > 0.
I side 3. Multiply by e iλ and then let λ = iρ, ρ > 0.
I side 4. Multiply by e−λ and then let λ = ρ, ρ > 0.

For ρ we can use the discrete values ρ = R
Mm, m = 1, 2, . . . ,M,

R > 0, where R/M determines how close are the collocation
points.

Numerical experiments suggest the following rules for low
condition number:

R = 2M, M = Nn.



Dirichlet-to-Neumann map: Knowing alj and evaluating the
Legendre expansion on the collocation points in the approximate
global relation we can determine the coefficients blj numerically.
For real-valued u, we also evaluate the Schwartz conjugate of the
global relation at the complex conjugates of the suggested
collocation points. The result is an overdetermined linear system,
which is inverted in the least squares sense.

The plots above show the output of this procedure. The left panel
shows the convergence of the method and the right panel typical
computed boundary values. We see exponential convergence, since
this simple example has no corner singularities.



Modified Helmholtz equation on the quarter plane{
uxx(x , y) + uyy (x , y)− u(x , y) = 0, x > 0, y > 0,

ux(0, y) = e−2y , y > 0 and uy (x , 0) = e−3x , x > 0.

We obtain the following solution

u(x , y) =

∫ ∞e i
π
4

0
e

i
2 [λ(x+iy)− x−iy

λ ]
(

8λ

λ4 − 14λ2 + 1
− 12λ

λ4 + 34λ2 + 1

)
dλ

π
.
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Water waves - The potential equation

Let the domain Ωf be defined by

Ωf = {−∞ < x <∞, ; −h < y < η(x , t); t > 0} .

Irrotational: vorticitity γ = Vx − Uy = 0.
Let φ denote the velocity potential, i.e. ∇φ = (U,V ).
The two unknown functions η(x , t) and φ(x , y , t) satisfy the
following equations:

∆φ = 0 in Ωf ,

φy = 0 on y = −h,

ηt + φxηx = φy on y = η,

φt +
1

2

(
φ2
x + φ2

y

)
+ gη = 0 on y = η,

where g is the gravitational acceleration, and h is the constant
unperturbed fluid depth.



The Global Relation

Introduce q which denotes the value of φ on the free surface, i.e.,

q(x , t) = φ (x , η(x , t), t) , −∞ < x <∞, t > 0.

The global relation under appropriate transformations, yields a
novel non-local equation coupling η and q,∫ ∞
−∞

e ikx {iηt cosh[k(η + h)] + qx sinh[k(η + h)]} dx = 0, k ∈ R, t > 0.

Furthermore, under the additional assumption of zero surface
tension, equation the Bernoulli’s law is rewritten

qt +
1

2
(qx)2 + gη − [ηt + qxηx ]2

2
[
1 + (ηx)2

] = 0, −∞ < x <∞, t > 0.



Periodic travelling waves

The above equation is a quadratic equation for q′, thus we get

q′ = −c +
√

[1 + (η′)2](c2 − 2gη).

Let Ωp = {−L < x < L, ; −h < y < η(x , t); t > 0} , and η and
φ are 2L-periodic functions in x .
We let L = π. Then we get∫ π

−π
e ikx

[(
1−

√
(1 + (η′)2)

(
1− 2g

c2
η

))
sinh(k(η + h))

+ iη′ cosh[k(η + h)]

]
dx = 0, for all k ∈ Z

Ablowitz, Fokas & Musslimani, On a new non-local formulation of water waves
(2006).
Ashton & Fokas, A non-local formulation of rotational water waves (2011).
Deconinck & Oliveras, The instability of periodic surface gravity waves (2011).

Fokas & Kalimeris, Water waves with moving boundaries (2017).
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From Nonlinear to Linear

u(x , t) : iut + uxx = 0.

Rewrite it as the compatibility condition
(
Mx

)
t
−
(
Mt

)
x

= 0,
namely[

e iλx+iλ2tu
]
t
− i
[
e iλx+iλ2t(ux + iλu)

]
x

= 0, λ ∈ C.

By defining M = e iλx+iλ2tµ, the associated Lax pair consists of the
following two linear equations:

µx + iλµ = u,

µt + iλ2µ = iux + λu, λ ∈ C.

Compare with the classical separation of variables:

u(x , t) = X (x ;λ)T (t;λ) =⇒

{
X” + λ2X = 0,

T ′ − iλ2T = 0.

A.S. Fokas and I.M. Gelfand, Integrability of linear and nonlinear evolution

equations, and the associated nonlinear Fourier transforms (1994)



Asymptotics of the Neumann value for t-periodic data

Example

q(0, t) = ae iωt + o(1), a, ω ∈ R, t →∞

Claim: For λ = −1 (focusing NLS)

qx(0, t) = ce iωt + o(1), t →∞,

c = a
√
ω − a2, ω ≥ a2,

or

c = ia
√
|ω|+ 2a2 ω ≤ −6a2.

I J. Lenells and A. S. Fokas. The Nonlinear Schrödinger
equation with t-Periodic Data: I. Exact results, Proc. R. Soc.
471, 20140925 (2015)

I J. Lenells, A. S. Fokas, The nonlinear Schrödinger equation
with t-periodic data: II. Perturbative results, Proc. R. Soc,
471, 20140926 (2015)



III. The NLS equation - The periodic problem

The NLS equation and its Lax Pair

iqt + qxx − 2λq|q|2 = 0, λ = ±1. (1)

The NLS equation (1) has a Lax pair given by

µx + ikσ̂3µ = Qµ, µt + 2ik2σ̂3µ = Q̃µ, (2)

Q =

(
0 q
λq̄ 0

)
, Q̃ = 2kQ − iQxσ3 − iλ|q|2σ3, (3)

and σ̂3µ = [σ3, µ], with σ3 = diag(−1, 1).

µ2

0

µ1

T
µ4

µ3

L



THE SPECTRAL FUNCTIONS

s(k) =

(
a(k̄) b(k)

λb(k̄) a(k)

)
, S(k) =

(
A(k̄) B(k)

λB(k̄) A(k)

)
, SL(k) =

(
A(k̄) B(k)

λB(k̄) A(k)

)
,

where
s(k) = µ3(0, 0, k), S(k) = µ1(0, 0, k), SL(k) = µ4(L, 0, k).
The entries of the matrices are related by the global relation:

(aA+ λb̄e2ikLB)B − (bA+ āe2ikLB)A = e4ik2T c+(k), k ∈ C, (4)

where

c+(k) = O

(
1

k

)
+ O

(
e2ikL

k

)
, k →∞, k ∈ C. (5)

The above functions satisfy the unit determinant relations

aā− λbb̄ = 1, AĀ− λBB̄ = 1, AĀ − λBB̄ = 1. (6)

The functions a and b satisfy

a(k) = 1 + O

(
1

k

)
+ O

(
e2ikL

k

)
, b(k) = O

(
1

k

)
+ O

(
e2ikL

k

)
, k →∞,

whereas the functions A and B satisfy

A(k) = 1 + O

(
1

k

)
+ O

(
e4ik2T

k

)
, B(k) = O

(
1

k

)
+ O

(
e4ik2T

k

)
, k →∞.



THE RH PROBLEM FOR THE PERIODIC CASE

q(0, t) = q(L, t) and qx(0, t) = qx(L, t) for t ∈ [0,T ]. (7)

D1D2

D3 D4

J2

J1

J4

J3

In this case A = A and B = B. The jump matrices:

J1 =

(
δ/d −Be2ikLe−2iθ

λB̄e2iθ/(dα) a/α,

)
J2 =

(
1 −βe−2iθ/ᾱ

λβ̄e2iθ/α 1/(αᾱ)

)
,

J3 =

(
δ̄/d̄ −Be−2iθ/(d̄ᾱ)

λB̄e−2ikLe2iθ ā/ᾱ

)
, J4 = J3J

−1
2 J1, (8)

where

α = aA + λb̄Be2ikL, β = bA + āBe2ikL, d = aĀ− λbB̄, δ = αĀ− λβB̄.

The global relation (4) becomes

λb̄e2ikLB2 + (a− āe2ikL)AB − bA2 = e4ik2T c+. (9)



THE NEW RH PROBLEM INVOLVING Γ

Γ(k) =
B(k)

A(k)
and m = MH,

where the sectionally meromorphic function H is defined by

H1 =

(
A 0
0 1/A

)
, H2 = H3 = I , H4 =

(
1/Ā 0

0 Ā

)
.

Then, we formulate the new RH problem with the jump functions:

v1 =

(
a−λbΓ̄−λΓ(āΓ̄−b̄)e2ikL

a−λbΓ̄
−Γe2ikLe−2iθ

λΓ̄e2iθ

(a−λbΓ̄)(a+λb̄Γe2ikL)
a

a+λb̄Γe2ikL

)
, arg k =

π

2
,

v2 =

 1− λΓΓ̄ − (āΓe2ikL+b)e−2iθ

ā+λbΓ̄e−2ikL

λ(aΓ̄e−2ikL+b̄)e2iθ

a+λb̄Γe2ikL
1

(a+λb̄Γe2ikL)(ā+λbΓ̄e−2ikL)

 , arg k = 0,

v3 =

(
ā−λb̄Γ−λΓ̄(aΓ−b)e−2ikL

ā−λb̄Γ
− Γe−2iθ

(ā−λb̄Γ)(ā+λbΓ̄e−2ikL)

λΓ̄e−2ikLe2iθ ā
ā+λbΓ̄e−2ikL

)
, arg k = −π

2
,

v4 =

 1−λΓΓ̄
(a−λbΓ̄)(ā−λb̄Γ)

− (aΓ−b)e−2iθ

ā−λb̄Γ
λ(āΓ̄−b̄)e2iθ

a−λbΓ̄
1

 , arg k = π.



THE FINAL RH PROBLEM
We define the function Γ̃(k) by

Γ̃ =
λ

2e ikLb̄

(
āe ikL − ae−ikL − i

√
4−∆2

)
, (10)

where ∆(k) is given by

∆ = ae−ikL + āe ikL, k ∈ C. (11)

We introduce the transform

m̃ = mg , (12)

where the function g(k) is given by

g1 =

(
a+λb̄Γe2ikL

a+λb̄Γ̃e2ikL
(Γ̃− Γ)e2ikLe−2iθ

0 a+λb̄Γ̃e2ikL

a+λb̄Γe2ikL

)
, g2 =

 1 0
λ(¯̃Γ−Γ̄)e2iθ

(a−λbΓ̄)(a−λb¯̃Γ)
1

 ,

g3 =

(
1 (Γ̃−Γ)e−2iθ

(ā−λb̄Γ)(ā−λb̄Γ̃)

0 1

)
, g4 =

 ā+λb¯̃Γe−2ikL

ā+λbΓ̄e−2ikL 0

λ(¯̃Γ− Γ̄)e−2ikLe2iθ ā+λbΓ̄e−2ikL

ā+λb¯̃Γe−2ikL

 ,

where gj denotes the restriction of g to Dj for j = 1, . . . , 4.
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ṽ cut
2
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ṽ cut
2
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ṽ cut
1

ṽ cut
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ṽ2 ṽ2 ṽ cut
2

ṽ cut
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ṽ cut
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ṽ cut
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ṽ cut
D3

ṽ2

ṽ3

ṽ cut
3

ṽ4 ṽ cut
4 ṽ cut

4

ṽ cut
D4

ṽ4

The functions ṽj are identical to the vj , with the substitution Γ to
Γ̃, and

ṽ cut
D1

=

 a+λb̄Γ̃+e2ikL

a+λb̄Γ̃−e2ikL (Γ̃− − Γ̃+)e2ikLe−2iθ

0
a+λb̄Γ̃−e2ikL

a+λb̄Γ̃+e2ikL

 ,

ṽ cut
D2

=

 1 0
λ(¯̃Γ−−¯̃Γ+)e2iθ

(a−λb¯̃Γ−)(a−λb¯̃Γ+)
1

 ,

ṽ cut
D3

=

1
(Γ̃−−Γ̃+)e−2iθ

(ā−λb̄Γ̃−)(ā−λb̄Γ̃+)

0 1

 ,

ṽ cut
D4

=

 ā+λb¯̃Γ−e−2ikL

ā+λb¯̃Γ+e−2ikL
0

λ(¯̃Γ− − ¯̃Γ+)e2iθe−2ikL ā+λb¯̃Γ+e−2ikL

ā+λb¯̃Γ−e−2ikL

 ,

and


ṽ cut

1 = ṽ cut
D1

ṽ1−,

ṽ cut
2 = ṽ cut

D1
ṽ2−,

ṽ cut
3 = ṽ cut

D3
ṽ3−,

ṽ cut
4 = ṽ cut

D3
ṽ4−,



AN EXPLICIT EXAMPLE
Initial data:

q(x , 0) = q0e
2iπN
L

x , q0 > 0, N ∈ Z, x ∈ [0, L]. (13)

Then, via the analysis of the RH we obtain the solution

q(x , t) = q0e
2iπN
L

xe−2iλq2
0t−

4iπ2N2

L2 t . (14)

The spectral functions a and b:

a(k) =
e i(kL+πN)(Lr cos(Lr)− i(kL + πN) sin(Lr))

Lr
, b(k) = −q0e

i(kL+πN) sin(Lr)

r
,

where r(k) denotes the square root

r(k) =

√(
k +

πN

L

)2

− λq2
0 .

It follows that
∆(k) = 2(−1)N cos(Lr(k)).

The periodic spectrum is given by the two simple zeros

λ± =

{
−πN

L ± q0 if λ = 1,

−πN
L ± iq0 if λ = −1.



∆ also has the following infinite sequence of double zeros

−πN
L
±
√

n2π2

L2
+ λq2

0 , n ∈ Z \ {0}.

Thus,√
4−∆2 = 2(−1)N sin(Lr) and Γ̃(k) = −

λi(k − r + πN
L )

q0
.

THE RH PROBLEM
For N ≥ 1, the RH problem can be formulated as follows.

−πN
L
− q0 −πN

L
+ q0

ṽ1

ṽ2ṽ cut
2

ṽ3

ṽ4 ṽ cut
4

−πN
L
− iq0

−πN
L

+ iq0 ṽ1

ṽ cut
D2

ṽ2

ṽ3

ṽ cut
D3

ṽ4 ṽ4

The jump contour and jump matrices for λ = 1 (left) and λ = −1 (right).



THE JUMP FUNCTIONS

ṽ1 =

 2λr(k−r+ πN
L

)

q2
0

iλ(k−r+ πN
L

)e−2i(θ−kL)

q0

i(k−r+ πN
L

)e2i(θ−kL+Lr)

q0

(k+ πN
L

)(1−e2iLr )+r(1+e2iLr )

2r

 , k ∈ iR+,

ṽ2 =

 2λr(k−r+ πN
L

)

q2
0

iλ(k−r+ πN
L

)e−2i(θ−kL+Lr)

q0

i(k−r+ πN
L

)e2i(θ−kL+Lr)

q0
1

 , k ∈ R+ \ C,

ṽ3 =

 2λr(k−r+ πN
L

)

q2
0

iλ(k−r+ πN
L

)e−2i(θ−kL+Lr)

q0

i(k−r+ πN
L

)e2i(θ−kL)

q0

(k+ πN
L

)(1−e−2iLr )+r(1+e−2iLr )

2r

 , k ∈ iR−,

ṽ4 =

 2λr(k−r+ πN
L

)

q2
0

iλ(k−r+ πN
L

)e−2i(θ−kL)

q0

i(k−r+ πN
L

)e2i(θ−kL)

q0
1

 , k ∈ R− \ C.

Let r(k) =
√
|(k + πN/L)2 − λq2

0 | ≥ 0, λ± 1.

For λ = 1 (left column), and λ = −1 (right column):

ṽ cut
2 =

 0
i(k−ir(k)+ πN

L
)e−2i(θ−kL)

q0
i(k+ir(k)+ πN

L
)e2i(θ−kL)

q0
e−2Lr(k)

 , ṽ cut
D2

=

(
1 0

2ir(k)e2i(θ−kL)

q0
1

)
,

ṽ cut
4 =

 0
i(k+ir(k)+ πN

L
)e−2i(θ−kL)

q0
i(k−ir(k)+ πN

L
)e2i(θ−kL)

q0
1

 , ṽ cut
D3

=

(
1 − 2ir(k)e−2i(θ−kL)

q0

0 1

)
.


