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1747, d" Alembert and Euler: Separation of Variables
1807, Fourier: Transforms

1814, Cauchy: Analyticity

1828, Green: Green's Representations

1845, Kelvin: Images

Fourier (spectral) Space Physical Space
Transforms Green’s Integral Representations

Method of Images

New Method
Integral Representations in the Fourier Spece
Invariance of Global Relation and Jordan’s Lemma
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Linear Evolution PDEs on the

Classical methods

The heat equation
U = Uy, O0<x<oo, O0<t<T, T3>0,
Initial condition:
u(x,0) = up(x), 0< x < o0,
Boundary condition:
u(0,t) =go(t), 0<t<T.
Classical Sine Transform method:

PDE[u(x, t)] ;—T> ODE[d(), £)] 22 (A, t) —1— u(x, t)
Irect

Inverse

The classical solution:

u(x,t) = > /0 h e*Azfsin(Ax)[ /0 ” sin(AE) o (£)dE— / e)‘ngo(s)ds} dA.

t
™ 0



Disadvantages of the Traditional Transforms

1. Lack of uniform convergence at the boundaries (for
inhomogeneous boundary conditions).

2. Not straightforward to verify that the solution representation
actually solves the given BVP.

3. Not suitable for numerical computations.

4. Requires separability of PDE-domain-BCs. For example,
cannot be applied to

/0 " K(x t)u(x, t)dx = g(t).

5. Difficult to obtain appropriate transform.
6. Traditional transforms exist only for a very limited class of
problems.
There are no x-transforms for the diffusion-convection equation
Up = Uxx + Uy,

or the Stokes (written by Sir George Stokes)

U 4 Uy + U = 0.



Summary of Fokas Method

“Green + Fourier + Cauchy”

Three ingredients:
1. Global Relation - equation coupling transforms of boundary
values.
2. Integral representation - solution given as integral of

transforms of boundary values. (“Green + Fourier”).

3. Symmetries which leave transforms of the boundary values
invariant. Use information given by 1 to either find unknown
boundary values or their contributions to 2.

In all but the simplest cases need to consider transforms of
boundary values as functions in C (“Cauchy”).



The heat equation via the Fokas Method

The heat equation can be written as a family of divergence forms:

(e—iAx+>\2tu) . (e—iAx+>\2t(uX + i)\u))

. ,=0 rxeC

Green's Theorem: / e Nt dx + (uy + idu)dt] = 0.
oN

For the half line the Global Relation is
XN t) = Go(\) — B (A t) — iABo(M2, £), ImA <0,

where

o0 oo
G, t):/ e~ "™Mu(x, t)dx, ﬁo()\):/ e ™ up(x)dx, ImA <0,
0 0

t
50\ 1) :/ & gi(1)dr, with gi(t) = ux(0, ), go(t) = u(0,t), £ > 0.
0



First use of the GR:

1 > l/\x )\tA 1 * I/\X—>\2t ~ 2 A 2
u(x,t) = 5 / Bo(Ndr+ | (A2, £) — iABo(A2, £)] dA.

The second integral can be deformed to the curve 8DJr defined by
Re(\?) =0, Im\ > 0. 2

Second use of the GR: :
MEa(—\ 1) = do(—A) — B1(A2 1) + iABo(A2, 1), ImA > 0.
The solution takes the form

oo 1
u(x,t) = ’

M NG (\)dA—— e N [Qg(—=A) + 2iAEo (N2, £)] dA.

27 2 JobD+

J —oo

T
Also, we can replace g with Go(\?) = / e’\ZSgo(s)ds, reC.
0
Consistent with the Ehrenpreis Principle:
u(x, t) = / e Nt p(N).
L
D



Numerical Implementation

Consider the heat equation with
up(x) = e, go(t) = cos(bt), a>0, b>0.
Then,

I’)\X*AZT: 1 1 . 1 1 d)\
t) = A a
ux,t) /Le [i)\+a+i)\—a+l <A2+ib+)\2—ib 2n

/ D eibt e—ibt d\
— [ ™A — + — | —.
L A2 +ib AN2—ijb) 2rm

de Barros, Colbrook and Fokas. A hybrid analytical-numerical method for
solving advection-dispersion problems on a half-line. International Journal
of Heat and Mass Transfer. (2019)




The last term can be evaluated explicitly, via Residue theory:

; dA —xy/b b
u(x, t) = / e”\X*vtV()\; a, b)z— +e \/Ecos (bt - X\/;> ,
L m

: : _ 1 1 : 1 1
with V()\, a,b)— i}\+a+m+l)\ <m+m)
Verification: Evaluating the above equation at x = 0 yields

u(0,t) = /e_)‘th()\; a, b)? + cos (bt) = cos (bt) .
L ™

By deforming the contour L to the real line and observing that
V(A; a, b) is an odd function of A, the above integral vanishes.
Evaluating the previous equation at t = 0 yields

. 1 1\ dx
_ IAX HA
”(X’O)_/Ce <i)\+a+i)\—a) o

Then, Cauchy's theorem yields

u(x,0) = ?ei(ia)x
T

- =



Solutions of linear second and third order PDES

Ut = Uxx, x>0,t>0

/ e N [o(= ) + 2iAEo(A2, 1)] ?.
oD+

U + Uy = 0, x>0, t>0
foo s, d\
i) = [ M) 2
IAXFIN3E | 2 s 2im dim dim
+/ {e [e3uo(e3)\)+e3uo(e3)\> 2
oD+ T
d\

_ 2~ (3 HA
3723( /)\,t)} =




Heat Equation - Half Line

Dirichlet Problem

Up = Uy, x € (0,+), t € (0, T),
u(x,0) =e™*, x € (0, +00)
u(0,t) = cost, te(0,T).

0

Fokas & Kaxiras, Modern Mathematical Methods for Scientists and Engineers,

in iress



Heat Equation - Half Line
Oblique Robin Problem

U = Uxx, X € (07 +OO), te (Oa T)’
u(x,0) = xe™*, x € (0,400)
ur(0, t) — 2ux(0, t) + u(0, t) = sin(5t), te (0, 7).

Solution:

u(x,t) = / V(A x, t)g—)\ + v(x, t),
L s

where
10i) (A—i)?
; + . 1
% _ A=t [ ATH25 T (A440)
ot =e ( (A+1)? N (4+iN2 |’
and
V(x,t) = o V/Ix (V10 + 1) sin (5t — \/gx) — (V10 +5) cos (5t — \/§x>

(V10 +6)°
D



Heat Equation - Half Line

Oblique Robin Problem

lllustration of the solution:




Heat Equation - Finite Interval

General Dirichlet Problem

Ur = Uyy, x € (0,L), te(0,T),
u(x,0) = up(x), x € (0,L)
u(0,t) = go(t), wu(L,t)= ho(t), te (0, 7).

aD*

o A2 A d\
u(x, t) :/ eMx—A tuo()\)% b

2e—)\2t . L y ,
_ /3D+ Y VA sin(Ax) [/e do(A) — 2Ahgo ()\ t)}

d\

+sin[A(L = )] |ido(~A) — 280 (A?1) | }277



Heat Equation - Finite Interval

Specific example on Dirichlet Problem

Ut = Uxx, x € (0,1), t€ (0, T),
u(x,0) = e™*, x €(0,1)
u(0,t) =cost, u(l,t)="Lcost, te (0, 7).




The wave equation

Utr — Uxy = 0, x>0, t>0.
Dirichlet conditions
u(x,0) = up(x), ut(x,0) = u1(x), x>0,
u(0,t) = go(t), t>0.
Solution in the Fourier plane:

vt = /_Z e’ [Sinikt) (k) + cos(kt)ﬁo(k)] %

o Tsin(kt dk
—/ ek [S'"f{)al(—k) + cos(kt) dio(—k) + 2ikgo(k, t)] e

Solution in the physical plane:
t 1u (x—1) x>t
1 /X+ 5 o ) )
|

u(x,t) = %uo(x +t)+ 5 ur(§)d€ + 1
x—t| go(t —x) — Euo(t —-x), x<t.



Laplace equation on a polygon

Let u(x, y) satisfy the Laplace equation in the interior of a convex
polygon characterized by zi, ..., z,. Then u,(z) satisfies

1 o ; 1 _ _
uy(z) = > Z/Ie”\zﬁj()\)d)\, u, = E(UX—IU},), z = x+iy,
j=174

where () is defined by

Zi+1 i 0 d
a;(\) = / ’ Pt [all\jl + Audj ds, j=1,..n, AreC.
z

and the rays {/;}] are defined by
I = peli, 0<p< oo, 0; = —arg(zjz1—z), Jj=1,....n

Furthemore, the following GR is valid:

n

d g;(\)=0, AeC

j=1



Numerical approach

The numerical solution of the global relation for determining the
unknown boundary values involves the following two steps.

. u . .
1. Expand the functions {u;}{ and {%}1 in terms of N basis

functions denoted by {S(t)}, Nt

— 0
uj = E 275/(1'), uj ~ E bJS/ , j=12...,n
1=0

Choosing S; to be the Legendre polynomlals, denoted by P, the
relevant Fourier transform can be computed explicitly,

R 1 i / (I + k)! _1)+keih _ a—ix
) :/_1 A Z(/ ) k! [( )(2iAe)k+le ]

2. The global relation and its complex conjugate yield two
equations involving the constants af and b{ By evaluating these
equations at appropriately chosen values of A called collocation

ﬁointsI we can solve for the unknown coefficients.




The case of the Square
Consider the Laplace equation in the interior of the square with
corners

zn=—14i, z=—-1—i, zz=1—1i, zz=1+1.
The approximate global relation yields
() + do(A) + d3(A) + da(X) =0, X eC,

where N—1
BN ~ —e [iAagﬁ,(A) + b{/S,(A)} ,
1=0
-1
- Z [ ((—i\) + b2P/(—/)\)}
1=0
N—1

03()\) ~ e Z [i)\aéf’,(A) + béﬁ’/()\)} ,
1=0

[y

fa(\) ~ [—AaQFA’,(—iA) + bif’,(—ik)} .
/

=

I
o



For a given side, choose A in such a way that for the given side we
obtain the usual Fourier transform of the Legendre functions,
whereas the contribution from the remaining sides vanishes as

A — oo (it can be shown that for a convex polygon such a choice
is always possible). In fact we choose to be on the “complement”
of the rays /;.

» side 1. Multiply the approximate global relation by e~** and
then let A = —ip, p > 0.
» side 2. Multiply by e* and then let A = —p, p > 0.
» side 3. Multiply by e’* and then let A = ip, p > 0.
» side 4. Multiply by e and then let A = p, p > 0.
For p we can use the discrete values p = %m, m=12....M,

R > 0, where R/M determines how close are the collocation
points.

Numerical experiments suggest the following rules for low
condition number:



Dirichlet-to-Neumann map: Knowing aJ’- and evaluating the
Legendre expansion on the collocation points in the approximate
global relation we can determine the coefficients bJ’. numerically.
For real-valued u, we also evaluate the Schwartz conjugate of the
global relation at the complex conjugates of the suggested
collocation points. The result is an overdetermined linear system,
which is inverted in the least squares sense.

Aide 1 Side 2

Mk Firreoe
-

The plots above show the output of this procedure. The left panel
shows the convergence of the method and the right panel typical
computed boundary values. We see exponential convergence, since
this simple example has no corner singularities.




Modified Helmholtz equation on the quarter plane

U (X, y) + uyy(x, y) — u(x,y) =0, x>0, y>0,
u(0,y)=e"?, y>0 and uy(x,0) = e=3x, x > 0.

We obtain the following solution

Ooej% i . X— )
u(x,y) = /0 i Mot =352 (A 8A 12\ ) 2y

4_14X2+1 M134X2+1) 7




» B. Fornberg and N. Flyer, A numerical implementation of
Fokas boundary integral approach: Laplace's equation on a
polygonal domain, Proc. R. Soc. A 467, 2983-3003 (2011)

> A.C.L. Ashton, On the rigorous foundations of the Fokas
method for linear elliptic partial differential equations, Proc.
R. Soc. A 468, 1325-1331 (2012)

» M. Colbrook, A.S. Fokas and P. Hashemzadeh, A hybrid
analytical-numerical technique for elliptic PDEs, SIAM J. Sci.
Comput., 41(2), A1066-A1090 (2019)

» M. J. Colbrook, N. Flyer and B. Fornberg, On the Fokas
method for the solution of elliptic problems in both convex
and non-convex polygonal domains. J. Comp. Phys.
374:996-1016 (2018)

> M. J. Colbrook, Extending the unified transform: curvilinear
polygons and variable coefficient PDEs, IMA J. Numer. Anal.,
dry085 (2018)



Water waves - The potential equation

Let the domain Q¢ be defined by
Qf = {00 <x<o0,; —h<y<u(xt) t>0}.

Irrotational: vorticitity v = V, — U, = 0.
Let ¢ denote the velocity potential, i.e. Vo = (U, V).
The two unknown functions 7n(x, t) and ¢(x, y, t) satisfy the

following equations:
Ap =0 in Qy,

qby:O on y = —h,
Ne + GxNx = ¢y on y =1,

1
¢>t+2<¢§+¢§> +gn=0 on y=n,

where g is the gravitational acceleration, and h is the constant
unperturbed fluid depth.



The Global Relation

Introduce g which denotes the value of ¢ on the free surface, i.e.,
qa(x,t) = o (x,n(x,t),t), —oco<x<oo, t>0.

The global relation under appropriate transformations, yields a
novel non-local equation coupling 1 and g,

/ e™ Lin; cosh[k(n + h)] + gxsinh[k(n + h)]} dx =0, k €R, t > 0.
Furthermore, under the additional assumption of zero surface

tension, equation the Bernoulli’s law is rewritten

1 + 2
qt+*(qX)2+g77_w:0, —oc0o < x<oo, t>0.

2 21+ ()]



Periodic travelling waves

The above equation is a quadratic equation for ¢/, thus we get

:—c—i—\/[l—i— ?](c? — 2gm).

Let Qp ={-L<x<L,; —h<y<n(x,t); t>0},andnand
¢ are 2L-periodic functions in x.
We let L = . Then we get

/_’; oikx (1 - \/(1 +()?) < - 25”)) sinn(kCr + )

dx =0, forall ke Z

+ in’ cosh[k(n + h)]

Ablowitz, Fokas & Musslimani, On a new non-local formulation of water waves
(2006).

Ashton & Fokas, A non-local formulation of rotational water waves (2011).
Deconinck & Oliveras, The instability of periodic surface gravity waves (2011).

Fokas & Kalimeris, Water waves with moving boundaries (2017).



Additional Applications

> A.S. Fokas, A. A. Himonas, and D. Mantzavinos, The
Korteweg—de Vries equation on the half-line. Nonlinearity,
29(2), 489 (2016)
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classical subject, Nonlinearity 21, 205-219 (2008)

» D.M. Ambrose and D.P. Nicholls, Fokas integral equation for
three dimensional layered-media scattering, J. Comput. Phys.
276, 1-25 (2014)

» N.E. Sheils and D.A. Smith, Heat equation on a network
using the Fokas method, J. Phys. A 48, 335001 (2015)

» M. Colbrook, L.J. Ayton and A.S. Fokas, The Unified
Transform for Mixed Boundary Condition Problems in
Unbounded Domains, P. Roy. Soc. Lond. A Mat. 475,
20180605 (2019).

> K. Kalimeris and T. Ozsari, An elementary proof of the lack of
null controllability for the heat equation on the half line.
Applied Math. Letters, 104, 106241 (2020).
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From Nonlinear to Linear

u(x,t): iUy 4 s = 0.
Rewrite it as the compatibility condition (I\/Ix)t — (Mf)x =0,
namely

|:ei)\x+i)\2tu} - i[eikx+i)\2f(ux + iAu)} =0, MeC.

t X

By defining M = e**+iX’t ), the associated Lax pair consists of the
following two linear equations:

My + I = u,

e+ iM% = iuy + Au, A eC.
Compare with the classical separation of variables:
X'+ XX =0,
T —iX°T =0.

A.S. Fokas and I.M. Gelfand, Integrability of linear and nonlinear evolution

ulx,t) = XA T(5 ) = {

equations, and the associated nonlinear Fourier transforms (1994)



Asymptotics of the Neumann value for t-periodic data

Example

q(0,t) = ae™* + 0(1), aweR, t— o0

Claim: For A = —1 (focusing NLS)

ax(0,t) = ce’t + o(1), t — oo,

c=aVvw— a2, w > a2,
¢ = ia\/|w| + 2a2 w < —6a°.

» J. Lenells and A. S. Fokas. The Nonlinear Schrodinger
equation with t-Periodic Data: |. Exact results, Proc. R. Soc.
471, 20140925 (2015)

> J. Lenells, A. S. Fokas, The nonlinear Schrodinger equation
with t-periodic data: Il. Perturbative results, Proc. R. Soc,

471, 20140926 i2015i

or



lIl. The NLS equation - The periodic problem

The NLS equation and its Lax Pair

iqe + G — 2Xqlq[* =0, A==+l (1)
The NLS equation (1) has a Lax pair given by
fix + ikB3p = Qu,  pr + 2ik*63p = Qp, (2)

Q= <>?C_’ g) , Q = 2kQ — iQca3 — i\|g|?03, (3)

and &3u = [o3, u], with o3 = diag(—1,1).

H1 4
T
M2 H3
0 L



THE SPECTRAL FUNCTIONS
s(k)_<a<k) b(k)>, S(k)_<A(k_) B(k)>, SL(k)_<‘A(k) B(k)

Ab(k) a(k) AB(k)  A(K)

where

s(k) = p3(0,0,k), S(k) = u1(0,0,k), Si(k) = na(L,0,k).
The entries of the matrices are related by the global relation:

(aA + Abe** B)B — (bA+ 36 B)A = **Tct(k), keC, (4)

where 1 o2kl
c+(k):0<k)+0( >, k — oo, ke C. (5)

k
The above functions satisfy the unit determinant relations

az—Abb=1, AA-X\BB=1, AA-)XBB=1. (6)
The functions a and b satisfy

a(k):1+0(%)+0( M), b(k):O(%)JrO(eikL), k - oo,

whereas the functions A and B satisfy

A(K) =1+ o<%) + o(erT), B(K) = o(%) + o(eM:T), k — oo.
D




THE RH PROBLEM FOR THE PERIODIC CASE
g(0,t) = q(L,t) and qe(0,t) = qu(L,t) for te [0, T]. (7)

In this case A = A and B = B. The jump matrices:

= ) (S/d _Be2ikLe—2i9 4 ) 1 —56_2i0/0_£
1= \ABe? /(da) a/a, 27\ N3 /o 1/(ad) )’

5 J — Be—2i0 d_O_é _
J3= (AgeéikLeZG é/d/( )> » Jda= S, 1J1, (8)

where
a = aA+ \bBe?*t B = pA+ aBe®*t.  d =aA— \bB, §=aA— \3B.
The global relation (4) becomes

Abe? B2 4 (2 — 3e**L)AB — bA2 = ¥ T ot 9)
D



THE NEW RH PROBLEM INVOLVING I

M(k) = iglg and m = MH,

where the sectionally meromorphic function H is defined by

(A 0 L _(1/A 0
H1_<0 1/A>, Hy = Hy = I, H4_<0 A)'

Then, we formulate the new RH problem with the jump functions:

a—AbF—Ar(éf_—B)e2’“ [ e2ikL g—2i0 -
_ a—\bl ro k = —
vi= ATe?? a ! argk = 2’
(a—AbT)(a+\ble2ikl) a-+ bl e2ikL
1 . )\rr _ (5r62ikL__l_b)67219
vy — oo G+ Abre2ikt argk =0
» = Aal e~ 2% | )€ 1 s gK=U,
a+\bI ekl (a+ bl e2ikL)(3+\bT e —2ikL)
F—ABM—AT(al —b)e 2% re—29 T
- F—\bI (a—\bI)(3+\bT e—2ikL) = __
v3 AFe—2ikl g2i0 3 , gk 5’
F+ABT e—2kL
12T _ (al—b)e—2*
— | (a=bM)(a—xbr) Y =
V4 AL ) , argk = m.

a—\bl




THE FINAL RH PROBLEM
We define the function I'(k) by

M= A <§e’“ —ae L _j\/4 — A2), (10)

2e5
where A(k) is given by
A = ae b 4 Felkt k € C. (11)
We introduce the transform
m= mg, (12)
where the function g(k) is given by
a+Abre?k  (F 2ikL ,—2i6
g1 = <a+Afge2f“ (r _aB\ZFe”: > ) & = /\(F_—lf)em _ (1) )
a-+\blre2ikL (a—AbT)(a—XbP)
1 M %Le:;:i 0
8= (0 (Ekbr)l(é“’r)> , 84 = )\(F ff‘ll;l:_zikLeme aiAble 2k | -
3+ Ab e—2ikL

where g; denotes the restriction of g to D; for j =1,...,4.



ocut
CUt peut VD1
1
3 R Bl B

ocut
eut V3 peut
D3 Dy
~cut
VD3 AV3

The functions ¥; are identical to the v;, with the substitution I to

I, and -
a+Abl e (r 4’r ) 2ikL —2@
\7cut _ a+)\l_7f,e2"k’-
D, = 0 ab ABE_ 2L )
a+)\EF+52i’<L
1 0 ~cut __ ~cuty,
pout — = = | oig V]. - VD1 Vi-,
D> & 1 ’ ~cut ~cut ~
(a—AbI _)(a—AbIy) Voo = VD Vo_,
B =\ 20 and
% cht _ chtv
et = (G=ABT)(a=ABT4) | | 3 — YDy V3—»
3
0 1 peut — peuty
— 4—,
SHAbE_ e 2kl 0 N Ds
peut — _ a+)\bl'+e*2"¢ _ ]
Dy AF_ = FL)ee2int atAbE e2K |

i FEAbT_ e— 2kl



AN EXPLICIT EXAMPLE
Initial data:

2imN

q(x,0) = qoe L *, g >0, NeZ, x e [0,L]. (13)

Then, via the analysis of the RH we obtain the solution

i o _ 4in?N?
g(x, t) = qoe” T Xe 2B, (14)

The spectral functions a and b:

e MmN (L r cos(Lr) — i(kL + wN)sin(Lr)) qoe’ ™) sin(Lr)
a(k) = - | by = — e sin(Lr),

where r(k) denotes the square root

r(k) = \/(k + #)2 — \G3.

A(k) = 2(=1)N cos(Lr(k)).
The periodic spectrum is given by the two simple zeros
o —mNtgq ifA=1,
—mN +igy if A= -1
D

It follows that



A also has the following infinite sequence of double zeros

TN 2
- + Ag3, neZ\{0}.
Xi(k —r+ =)

F(k) B q0

Thus,
and

V4 — A2 =2(-1)Nsin(Lr)

THE RH PROBLEM
For N > 1, the RH problem can be formulated as follows.

\ 44!
A B
< ——
7Tt

L
A \73 .
The jump contour and jump matrices for A = 1 (left) and A = —1 (right).
D



THE JUMP FUNCTIONS

2Ar(k—r+ %)

f>\(k7r+LLN)e—2i(9—kL)

2

= @3 - v
i(k—r TN IO KAL) (o ZN (1 20) (1462
q0 >F
2Ar(k—r+2N) IA(k—r T o200 =KL L)
2
V2 = N 90
q0
2>\r(k—r+7rTN) ">‘(k—r+"TN)e*2"(9ka+Lr)
= P a0 _
i(k—rt TN 20—k (py (1 =2y 4 p(14e—20r)
0 -
2Ar(k—r+ 1) IA(k—rt TN o= 20(0—KL)
2
Vs = ; a0
V4 = i(k7r+LLN0)ezf(97kL) ) ,
T e
Let ¢(k) = \/|(k +7N/L)? — )\qg| >0,

\7cut _ 0
S V(/(+IL(/<)+LLN)62V(971<L)
q90
~cut 0
Vg =

g0

I

I

A£ L
For A =1 (left column), and A\ = —1 (right column):

i(k—it(k)+ TN )e=2i(0 kL)

ke iRy,

keR\C,

ke iR_,

keR_\C.

= | 2ir(k)e?(@—KD) ,
e T 1
_ 2ie(k)e 207K
L 0 )
0 1




